This article is a sequel to [A.H.M.P]. In [A.H.M.P], we develop an explicit formula for pricing European options when the underlying stock price follows a non-linear stochastic delay equation with fixed delays in the drift and diffusion terms. In this article, we look at models of the stock price described by stochastic functional differential equations with variable delays. We present a class of examples of stock dynamics with variable delays that permit an explicit form for the option pricing formula. As in [A.H.M.P], the market is complete with no arbitrage. This is achieved through the existence of an equivalent martingale measure. In subsequent work, the authors intend to test the models in [A.H.M.P] and the present article against real market data.
Stock price models with memory
In this section we present models of stock price dynamics that are described by stochastic functional differential equations (sfde's). These models are feasible, in the sense that they admit unique solutions that are positive almost surely.
Consider a stock whose price S(t) at time t is given by the stochastic functional differential equation (sfde):
The above sfde lives on a probability space (Ω, F, P ) with a filtration (F t |η(s)|. Under the following hypotheses, we will demonstrate the feasibility of the model (1): That is, it has a unique pathwise solution such that S(t) > 0 almost surely for all t ≥ 0 whenever ϕ(t) > 0 for all t ∈ [−L, 0].
Hypotheses (E).
(i) There is a positive constant L ′ such that
(ii) For each integer n > 0, there is a positive constant L n such that
(v) a and b are positive constants.
Theorem 1 Assume Hypotheses (E). Then the sfde (1) has a pathwise unique solution S for a given F 0 -measurable initial process ϕ :
Define the martingale
Then S solves the stochastic functional differential equation (sfde)
Define the process ψ :
is the solution of the linear sode
and for all t ∈ [−L, 0), set ψ(t) = 1. Define the random process y to be the unique solution of the random fde
Observe that the above fde admits a unique global solution y by virtue of the linear growth hypothesis (E)(i) and the Lipschitz condition (E)(ii). Denote by [M, M ] the quadratic variation of M . Then, from (4), it follows that
Then by the product rule, it follows that
Comparing (3) and (6), it follows by uniqueness that P -a.s.,
. Then using (5) and the monotonicity Hypothesis (E)(iii), it follows that
Using forward steps of length b, it is easy to see that S(t) > 0 a.s. for all t ≥ 0. ⋄
Remark.
Another feasible model for the stock price is obtained by considering the sfde
→ R is a continuous functional. Theorem 1 holds for the above model if Hypotheses (E) hold with E(iii) replaced by the following monotonicity condition:
The proof is analogous to that of Theorem 1.
A stock price model with variable delay
In this section, we give an alternative model for the stock price dynamics with variable delay. In this case we are able to develop a Black-Scholes formula for the option price (cf. [B.S] , [Me 1 ]). Throughout this section, suppose h is a given fixed positive number. Denote ⌊t⌋ := kh if kh ≤ t < (k + 1)h.
Consider a market consisting of a riskless asset ξ with a variable (deterministic) continuous rate of return λ, and a stock S satisfying the following equations
for t ∈ (0, T ], with initial conditions ξ(0) = 1 and S(0) > 0. The above model lives on a probability space (Ω, F, P ) with a filtration (F t ) 0≤t≤T satisfying the usual conditions, and a standard one-dimensional Brownian motion W adapted to the filtration. Suppose f : [0, T ] × R → R is a continuous function. Assume further that g : [0, T ] × R → R is continuous and
Under the above conditions, this model is feasible: That is S(t) > 0 a.s. for all t > 0. This follows by an argument similar to the proof of Theorem 1, Section 2 in [A.H.M.P] . Details are left to the reader.
Next, we will establish the completeness of the market {ξ(t), S(t) : t ∈ [0, T ]} and the no-arbitrage property, following the approach in Section 3 in [A.H.M.P] .
For t ∈ [kh, (k + 1)h], the solution of the second equation in (7) is given by
As in Section 3 in [A.H.M .P], let
be the discounted stock price process. Again by Itô's formula, we obtain
and
Define the stochastic process
It is clear that Σ(u) is F S ⌊u⌋ -measurable for each u ∈ [0, T ]. Furthermore, by a backward conditioning argument using steps of length h, the reader may check that
where
(See the argument in Section 3 in [A.H.M.P] following the statement of Theorem 2.) Hence the Girsanov theorem ([K.K], Theorem 5.5) applies, and it follows that the process
is a standard Wiener process under the probability measure Q defined by dQ := ̺ T dP . Using (9) and the definitions of S and W , it is easy to see that
This implies that S is a Q-martingale, and hence the market {ξ(t), S(t) : t ∈ [0, T ]} has the no-arbitrage property ( [K.K] , Theorem 7.1).
We now establish the completeness of the market {ξ(t), S(t) : t ∈ [0, T ]}. To do so, let X be any contingent claim, viz. an integrable F S T -measurable non-negative random variable. Define the process
Hence, by the martingale representation theorem ( [K.K] , Theorem 9.4), there exists an (
Consider the strategy {(π ξ (t), π S (t)) : t ∈ [0, T ]} which consists of holding π S (t) units of the stock and π ξ (t) units of the bond at time t. The value of the portfolio at any time t ∈ [0, T ] is given by
Furthermore,
Thus the contingent claim X is attainable. This shows that the market {ξ(t), S(t) : t ∈ [0, T ]} is complete. Moreover, in order for the augmented market {ξ(t), S(t), X : t ∈ [0, T ]} to satisfy the no-arbitrage property, the price of the claim X must be
at each t ∈ [0, T ] a.s.. See, e.g., [B.R] or Theorem 9.2 in [K.K] .
The above discussion may be summarized in the following formula for the fair price V (t) of an option on the stock whose evolution is described by the sdde (7).
Theorem 2 Suppose that the stock price S is given by the sdde (7), where S(0) > 0 and g satisfies Hypothesis (B) . Let T be the maturity time of an option (contingent claim) on the stock with payoff function X, i.e., X is an F S T -measurable non-negative integrable random variable. Then at any time t ∈ [0, T ], the fair price V (t) of the option is given by the formula
